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In the context of an application to superfluidity, it is elaborated how to do quantum mechanics of 
a system with a rotational velocity. Especially, in both the laboratory frame and the non-inertial co- 
rotating frame, the canonical momentum, which corresponds to the quantum mechanical momentum 
operator, contains a part due to the rotational velocity. 



PACS numbers: 03.75.Fi, 67.40.-w, 74.25.-q 



o 
o 

(N 

c 

Hi 



> 

m 

o 
m 
o 

c3 



o 
o 



A recent Letter [l| claimed to have derived irrota- 
tional superflow or circulation quantization of a super- 
fluid merely from the existence of off-diagonal long-range 
order (ODLRO). The derivation was based on an incor- 
rect Hamiltonian. 

In the beginning of that discussion, it is written: "Let 
us consider a bucket of Bose liquid composed of N homo- 
geneous interacting spinless particles, rotated with a con- 
stant angular velocity Jl" [l| . This clearly indicates that 
v s = f2 x r is the fixed rotation velocity of the bucket, 
not the superfluid velocity. v s and H are both physi- 
cal quantities, and one has no "gauge freedom" to add 
an additional term V0(r) in v s , as appearing in Eq. (2) 
of 0. With this understanding, the conclusion that fi 
vanishes is, of course, absurd. In fact, for a superfluid 
in a rotating bucket, it is the Hamiltonian in the co- 
rotating frame that determines the equilibrium statisti- 
cal mechanics 0, 0. Instead of Eq. (1) of Q, the rele- 
vant Hamiltonian is ^ 3 [ (Pj ~"" xr ' )2 - \m{Sl x r^) 2 ] + 
\ V{ r ji)i where Pj — m(vj +SI x rj) is the canoni- 
cal momentum and is then replaced as —ifrVj, Vj, Yj and 
Pj are relative to the reference frame co-rotating with 
^ Hi El E3- HI • This Hamiltonian obviously lacks the in- 
variance under an Q. x r-dependent re-gauged translation 
underlying the argument employed later in 

In their correspondence, the authors have claimed that 
they were not considering superfluid in a rotating bucket, 
instead, v s = fl x r + V6* was a "drift velocity" assumed 
to be a sum of an irrotational part V# and a rotational 
part fl x r. Under this interpretation, even though the se- 
rious question about the physical meaning of this "drift 
velocity" is side-stepped, the Hamiltonian in [l| is still 
incorrect. In fact, whenever a certain "drift velocity" 
contains a rotational part f2 x r, the canonical momen- 
tum relative to the non-inertial frame co-moving with 
this "drift velocity" is Pj = m(vj + fl x r\,-), and thus 
in the laboratory frame, the kinetic part of the Hamil- 
tonian (pj + mV6*) 2 /2m 0, in contrast with Eq. (1) of 
0. It is very elementary knowledge that it is canonical 
momentum that corresponds to momentum operator in 
quantum mechanics 0, 0. Moreover, in [lj, it is very 
mysterious why the assumed "drift velocity" suddenly 
became the superfluid velocity after the the rotational 



part was "shown" to vanish. 

If the authors wish to adopt a reductio ad absurdam 
by showing that ODLRO is incompatible with the as- 
sumption that the superflow has a non-vanishing curl, 
i.e. the superfluid velocity is rotational, then the only 
valid interpretation is that v s represents the superfluid 
velocity, first presumed to has a curl 2fi; the purpose is 
then to show fl has to vanish under ODLRO. If we use 
a subscript to represent the laboratory frame, then the 
assumption is ^Vo x v s — fl. With this interpretation, 
and if is assumed to be position-independent, one can 
write v s = fi x ro + Vo#(J~2, rn). In terms of the position 
vector r relative to the condensate, which moves with v s , 
the expression of v s becomes very complicated. In gen- 
eral, Eq. (2) in 1] is valid only if r and thus pj in pj are 
relative to the rest frame. But this understanding can- 
not be consistent with the Hamiltonian in In fact, the 
Hamiltonian in the rest frame, in our notations, is simply 
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£j ~iSr + 5 v ( r 3i), where Pio = -^ v i ' instead 
of Eq. (1) of If one subsequently obtains (1) by a 
"gauge" transformation, then mv s /h is only the gradi- 
ent of the phase factor, and v s cannot be the superfluid 
velocity if it is presumed to be rotational as in (2) (cf. 
the preceding paragraph). On the other hand, it appears 



that pj in jlj are relative to the condensate and that the 
authors wish to give the Hamiltonian in the rest frame 
expressed in terms of the momenta relative to the con- 
densate. With this interpretation, however, both Eq. (2) 
in [jj] and the expression fi = ~V X v s below the equa- 
tion are not valid generically under the presumption that 
the curl of the superfluid velocity is f2 in the laboratory 
frame. Therefore the Hamiltonian in pj is still incorrect. 

It appears that the authors do not know that "irro- 
tational superflow " just means that the curl of the su- 
perfluid velocity vanishes, in the laboratory frame, and 
that the purpose they had set for their Letter was just 
to show that with ODLRO, the superfluid velocity is of 
the form V6>, i.e. its curl vanishes. Moreover, they ignore 
the well-known fundamental difference between rotation 
and translation 0,0, 0>0- Note that in Sec. 5.5 (pp. 
75 — 76) of Ref. Q, it is a uniform (as italicized there) 
translation of a superfluid that is considered. 

I thank Nigel Cooper for useful discussions. 
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